Abstract. The aim of the present paper is to study conditions under which all the non-wandering points are periodic points, for a discrete dynamical system of two variables defined on a compact manifold. We include a survey of known results in all dimensions, and study the remaining open question in dimension two. We present two results, one positive and one negative. The negative result: we construct a Kupka-Smale diffeomorphism in R 2 (which can be extended to a diffeomorphism of the sphere) with a closed set of periodic points that differs from the set of nonwandering points. The positive result: we present a condition on the widely studied Hénon family which guarantees that all nonwandering points are periodic. Finally, we close by describing what future work may be needed to resolve our broad goals.
Introduction and statement of the main results
Let ψ be a continuous self-map of a compact manifold M. Given a point x on M, we define the trajectory or orbit of x under ψ to be the sequence {ψ n (x)} ∞ n=0 , where ψ 0 := Id M , the identity map on M, and ψ n (x) := ψ n−1 • ψ for n > 0. Then (M, ψ) is a discrete dynamical system.
The study of a discrete dynamical system begins with a qualitative analysis of the time evolution, including a description of the asymptotic behavior of trajectories. One of the next natural steps is to understand or classify which dynamical systems in a given collection or family of systems will share some common orbit behaviors.
As the theory of discrete dynamical systems has developed over the last several decades, we have learned how surprising, intricate, and chaotic this behavior might be. In this paper we are concerned with further classifying the dynamical systems whose orbits do not exhibit chaotic behavior.
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Whether a map is chaotic depends upon the behavior of recurrent points: points whose orbits return near to themselves at some time. The simplest type of points which exhibit some recurrent behavior are the periodic points: a point x is called periodic if there exists a non-negative integer p such that ψ p (x) = x. If x is periodic then the least p > 0 with ψ p (x) = x is the period of x. A larger class of recurrent points that play a key role are the non-wandering points: a point x ∈ M is called a non-wandering point if for every open neighborhood O of x there is an n > 0, depending on x, such that ψ n (O) O = ∅. We denote the set of all periodic points by P(ψ), the set of periodic points of period n by P(ψ, n), and the set of non-wandering points by Ω(ψ).
From the definitions we have the following chain of inclusions:
Our broad goal is to classify which dynamical systems of compact 2-manifolds have P (ψ) = Ω(ψ), that is, the nonwandering set consists entirely of periodic points. It is an easy exercise to show that the set of non-wandering points is closed. Thus our motivating question is:
under what additional conditions on the dynamical system (M, ψ) can we conclude that P (ψ) = Ω(ψ)?
1.1. Dimension One. A key fact for continuous self-maps of the interval was established by Sarkovskii in 1964 [12] .
is a closed set, then every periodic point of f has period a power of 2.
Next consider Sarkovskii's ordering of the appearance of periodic points. 
If f has a periodic point of period n and n ≺ m, then f has a periodic point of period m.
These results restrict the class of self maps of the interval to itself with a closed set of periodic points to the non chaotic mappings.
In 1982, our main question was answered in dimension one for selfmaps of a closed interval, independently by Z. Nitecki ([9] ) and Jin-Cheng Xiong ( [14] ): the hypothesis needed is simply that f is continuous.
Theorem 4 (Nitecki, Xiong). If f is a continuous map of a closed interval to itself and P (f ) is a closed set, then P (f ) = Ω(f ).
It should be noted that there are self maps of the interval with every periodic point having period a power of two such that the set of all periodic points is not a closed set. This result is due to Hsin Chu and Jin Cheng Xiong [4] .
Further, Nitecki points out that P (f ) closed does not imply that set is finite, nor is the set of least periods necessarily finite. His example: string together maps f n : [
and Per(f n ) contains points of least period 2 n , but none higher. However, the slightest change in the topological type of the space will cause these theorems to be false. This is easily seen by considering a circle map under an irrational rotation, where every point is non-wandering but the set of periodic points is the empty set. Now, if we consider the dimension of the manifold to be larger than one, soon we will discover the situation is much more complicated already in dimension two.
Dimension Two.
If M is of dimension two, the hypothesis that the map ψ be continuous does not guarantee that P (ψ) closed implies P (ψ) = Ω(ψ). In particular, for continuous self-maps of the unit square, Guirao and Pelayo [11] showed in 2008 that P (ψ) closed does not imply that P (ψ) equals Ω(ψ), although for some years this implication was considered as true in the literature, see [6] and [11] .
Their example was a skew-product, or triangular map; i.e., maps of the form ψ(x, y) = (f (x), g(x, y)), where f (x) is called the base map of the system. Such maps form a good bridge between study of one and two variable systems. For C 1 skew-product self-maps defined on the unit square, Arteaga [1] supplied a sufficient hypothesis:
Theorem 5 (Arteaga). Suppose ψ is a C 1 skew product self-map of the unit square, ψ(x, y) = (f (x), g(x, y)), and all periodic points of the base maps f are hyperbolic. If P (ψ) is closed, then P (ψ) = Ω(ψ).
Thus he required the map ψ to be continuously differentiable, and have a base map with only hyperbolic periodic points.
This led researchers to consider the question:
If ψ is a self-diffeomorphism of a compact 2-dimensional manifold (or R 2 ) with all periodic points hyperbolic, then does P (ψ) closed imply P (ψ) = Ω(ψ)?
In our first result, we answer this question negatively.
Theorem 7.
There exists a self-diffeomorphism ψ λ of the sphere which has closed periodic set, and all periodic points hyperbolic, but P (ψ λ ) = Ω(ψ λ ).
Theorem 7 will be proved in section 2. Seeing this negative result, it is natural to seek a stronger hypothesis. A diffeomorphism ψ is called Kupka-Smale if all periodic points are hyperbolic, and there are no tangential intersections between stable and unstable manifolds of periodic points. Then we ask:
Unfortunately, the answer is again "no".
Corollary 9. The diffeomorphism ψ λ constructed in Theorem 7 is KupkaSmale, has P (ψ λ ) closed but but P (ψ λ ) = Ω(ψ λ ).
Corollary 9 will be proved in section 2. The obvious way to strengthen the KS hypothesis is consider Axiom A diffeomorphisms. A diffeomorphism ψ is Axiom A if it is Kupka-Smale, and there is an invariant splitting of the stable (unstable) tangent bundle which is preserved and contracted (expanded) by Dψ. But an Axiom A diffeomorphism always satisfies the closure of the periodic points equals the nonwandering set. Hence this case is trivial. Thus this hypothesis is too strong.
Thus we must seek an alternate approach to finding conditions on diffeomorphisms which satisfy that P (ψ) closed implies all nonwandering points are periodic.
Toward that end, we re-examine the dimension one case, as applied to the quadratic family q a (x) = a − x 2 . The dimension one results say that the maps with P (q a ) closed are the maps for the parameter range from a = −1/4, the appearance of the first fixed point, up through the period doubling cascade which occurs as a increases, but not including the Feigenbaum point at the end of the cascade (that map has nonperiodic nonwandering points). [Alternatively imagine the logistic family L λ (x) = λx(1 − x) for λ = 0 up through the period doubling cascade.] For each map in this range, there are periodic points of period 1, 2, 4, ..., 2 n for some n. If n = 0, and a > −1/4, there is one attracting and one repelling fixed point. If n ≥ 1, for parameters a which are not bifurcation points, there is an attracting cycle of period 2 n , and repelling cycles of each period 2 j for 1 ≤ j < n and there are two repelling fixed points. Such maps have all periodic points hyperbolic. For parameters a which are bifurcation points, the largest period cycle is indifferent and weakly attracting. Thus these are maps with not all periodic points hyperbolic, but yet the periodic set is closed and equal to the nonwandering set. Thus, this is one example which shows the hypothesis that all periodic points are hyperbolic is not necessary in dimension one.
With this example in mind, we present our second main result concentrating on a widely studied family of diffeomorphisms, the Hénon family, which generalize the quadratic family to maps of two variables. Theorem 10. Let H a,b (x, y) = (q a (x) − by, x), be the 2-parameter family of Hénon diffeomorphisms of R 2 , where q a (x) = a − x 2 is the one parameter quadratic family. If P(q a ) is closed, then for all b sufficiently small, P(H a,b ) is closed and equals the nonwandering set of H a,b .
Theorem 10 will be proved in section 3.
1.3.
Further avenues of study. In section 4 we discuss some open questions our study has raised in two dimensions.
Finally, we note that in 1978, Danker [5] showed that for manifolds of dimension at least 3, the situation is much more complicated.
Theorem 11.
[Danker] On any manifold M with dimension n ≥ 3 there exists a diffeomorphism ψ whose nonwandering set is formed by hyperbolic points but P(ψ) = Ω(ψ).
Thus, for now, we are content to concentrate on the dimension two case.
Proof of Theorem 7
In this section we shall prove Theorem 7, Corollary 9 and discuss the implications of this results.
Proof of Theorem 7. The following mapping is an example of such a diffeomorphism of the unit sphere S 2 . Let (r, θ, φ) denote the standard spherical coordinates on R 3 ; i.e., (x, y, z) = (r, θ, φ) means (x, y) = (r, θ) are the polar coordinates and φ is the angle the z-axis makes with the ray from the origin to (x, y, z).
as follows:
It is easy to see that the equator (where φ = π/2) is an invariant set, on which the map is simply a rotation by λ, and both poles are fixed (the north pole is (1, θ, 0) and the south pole is (1, θ, π) ). Also note both poles are repelling (sources).
If λ is not a rational multiple of π then on the equator, the map is simply an irrational rotation. So here we have P (ψ λ ) is just the two poles, hence finite and hyperbolic, but Ω(ψ λ ) also includes a copy of S 1 , the equator. Thus P (ψ λ ) = Ω(ψ λ ).
Remark 12. The map constructed in the proof of Theorem 7 is not Axiom A because the equator is an invariant set, but not a hyperbolic invariant set.
Proof of Corollary 9. The map ψ λ constructed in the proof of Theorem 7 is Kupka-Smale because there are no tangential intersections between stable and unstable manifolds. Indeed, the south pole is a source, with unstable manifold the southern hemisphere, minus the equator. The north pole is also a source, with unstable manifold the northern hemisphere minus the equator. Since there are no other periodic points, there are no tangential intersections, since there are no intersections at all. So the map is KS.
Proof of Theorem 10
Now we prove Theorem 10.
Proof of Theorem 10. Let s 1 = −1/4 be the parameter value at which the first fixed point of the quadratic family q a (x) = a − x 2 appears, hence s 1 is the bifurcation point after which the attracting fixed point is born. Call f 2 n the bifurcation parameter value after which the attracting 2 n -cycle is born. (Note this is potentially troublesome notation. Rather than f c denoting a map, here f k denotes a parameter value which specifies a map q f k . We are using the same notation as the paper [8] in order to facilitate the insterested reader following up on this source.)
Call F 1 the parameter value at the climax of the period doubling cascade, so F 1 is the Feigenbaum parameter. So for the quadratic family, we know s 1 < f 2 < f 4 < ... < F 1 , and there are no bifurcations between any of those parameter values.
According to [8, page 63] , the bifurcation points s 1 , f 2 ,..., f 2 n ,... extend to curves in the (a, b) plane, at least for b small, which do not intersect each other, and which do not intersect any other bifurcation curves. Further, for each a value, if b is sufficiently small, the nonwandering set of H a,b is identical to the nonwandering set of q a . Hence, for this range, the nonwandering set consists precisely of the finite set of periodic points of periods 1 through 2 n for some n.
Remark 13. Note the Hénon maps that satisfy the conclusion of Theorem 10 have the exact same structure to their periodic set as the quadratic interval maps that satisfy P = Ω, thus some are Axiom A, and some are not.
Final comments and open problems
The study of Hénon maps started in section 3 leads to a natural next step for investigation. In the Hénon family there exist additional bifurcations as b increases. That is, as b increases between the extended period doubling bifurcation curves of a, a bifurcation point is hit at which a tangential intersection of stable and unstable manifolds occurs. We know that just past that point, there is a transverse intersection, thus a horseshoe is created, hence there are non-wandering points. But we do not know whether the periodic set is equal to the nonwandering set for those boundary parameter values which contain only periodic points of period 2 n and a homoclinic tangency. This issue raises a couple of questions.
Question 14.
Are there any other Hénon maps with closed periodic set? If so, for these maps, is the periodic set equal to the nonwandering set?
Question 15. If there exists a homoclinic tangency of stable and unstable manifolds of a periodic point, does that imply the periodic set is not closed?
The counterexample in section 2 of the map of the sphere with finite and hyperbolic periodic set but nonperiodic nonwandering points suggests a direction for further inquiry, including possibly a shift in the type of question asked. In that example, the nonwandering set consisted of a disjoint union of a closed periodic set and an invariant domain on which the map was an irrational rotation. This leads us to wonder whether a rotation domain is the only possible obstruction. That is:
Question 16. If ψ is a diffeomorphism of a compact 2-manifold with closed periodic set and no rotation domains, is P (ψ) = Ω(ψ)?
Finally, we stated our broad goal as classifying maps ψ with P (ψ) = Ω(ψ). Because these are the nonchaotic mappings, those are also the mappings with zero topological entropy. So we could re-cast our goal as:
Problem 17. Classify self-diffeomorphisms of compact 2-dimensional manifolds having zero topological entropy (and describe their nonwandering sets). This is an ambitious project. Franks and Handel have recent work on classification of area preserving zero entropy maps of the sphere, see [7] . In order to guarantee zero topological entropy, we would restrict our study to maps which are isotopic to the identity, with a finite set of periodic points. A broad goal would be to describe the nonwandering set for those maps (in terms of periodic points, rotation domains, and any other potential invariant sets).
